Abstract-The unconditionally stable one-step leapfrog alternating-direction-implicit finite-difference time-domain (ADI-FDTD) method is extended and developed for general orthogonal grids in this letter. It can be derived from either the conventional ADI-FDTD but with no mid-time computation, or simply conventional FDTD, just with one perturbation term added. The convolutional perfectly matched layer (CPML) is also derived for general orthogonal grids. The proposed developments are validated and further used for investigation of the earth-ionosphere cavity, with the Schumann resonant frequencies captured. It is numerically demonstrated that the proposed method is unconditionally stable and more efficient than the conventional FDTD method for the problems considered here.
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I. INTRODUCTION
R ECENTLY, the unconditionally stable one-step leapfrog alternating-direction-implicit finite-difference time-domain (ADI-FDTD) method has been developed for the Cartesian grids [1] based on the conventional ADI-FDTD [2] . It can be regarded as an perturbation to the conventional FDTD [3] . Similar to the fundamental schemes of the other unconditionally stable methods [4] , the Cartesian one-step leapfrog ADI-FDTD can achieve high computational efficiency [5] . In addition, the convolutional perfectly matched layer (CPML) [6] in the Cartesian grids has also been developed for the Cartesian one-step leapfrog ADI-FDTD method [7] . The leapfrog ADI-FDTD method with a CPML implementation in cylindrical grids has been presented more recently [8] . In this letter, we further extend the one-step leapfrog ADI-FDTD with CPML to general orthogonal grids in a concise form. In particular, its application for the spherical coordinates system is demonstrated with the earth-ionosphere cavity simulated and the Schumann resonant frequencies captured.
II. FORMULATION
In this section, we derive the equations of the one-step leapfrog ADI-FDTD method and its corresponding CPML based on general orthogonal grids.
A. Leapfrog ADI-FDTD in Orthogonal Grids
For a linear, isotropic, lossless, and nondispersive medium with permittivity and permeability , the Maxwell's curl equations in general orthogonal coordinates can be written as [9] (1a) (1b)
Here, , , and
where are the orthogonal coordinates defined by the diagonal metric , , , and 3. By following the similar derivation procedure provided in [1] , the updating equations of one-step leapfrog ADI-FDTD method can be derived as Equations (2a)-(2c) are the proposed leapfrog ADI-FDTD method in general orthogonal grids; its special cases in the Cartesian and cylindrical grids are given in [1] and [8] , respectively.
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following paragraphs. In the spherical coordinates, we have , , and , where , , and are the spatial indices, respectively. It is known that from (2a)-(2c) the iterative equations of -and -components are implicit along the -direction, where the periodical boundary conditions need to be handled properly. For example, for the -component, using the second-order central difference approximation, we have (3a) where is the known matrix at the past time step, and (3b) Furthermore, for the -component, we have (3c) It should be noted that (3a) is in the form of cyclic tridiagonal, and it can be solved efficiently using the Sherman-Morrison formula [10] .
In addition to the periodical boundary conditions, the equations at , i.e., at the north and south poles, also need to be treated with special care. From the spherical ADI-FDTD [11] , the one-step method can be obtained at the north pole as 
B. CPML for the Leapfrog ADI-FDTD in Orthogonal Grids
The CPML is the most efficient and simplest way for implementation of the complex frequency-shifted PML (CFS-PML) [12] - [14] that is obtained with change of the PML variables through the following equation: (5) where is the complex stretching variables and stands for the coordinates. Note that (5) can only be applied for outgoing variables. Generally, in the frequency domain with orthogonal grids, the Maxwell's equations can be expressed as the sum of the terms . Using the convolutional method proposed in [6] , we can convert it into the time domain, and (6a) where is the auxiliary variable, and its value of the th time step can be calculated from the ( )th one, as given by (6b) where , and . Then, in the PML media, (1) can be rewritten as (7a) (7b) where and are the new matrices as a result of (6) . With the similar algebraic manipulation used in [7] , we can obtain the CPML equations as (8a) (8b) where In the spherical coordinates system [15] and frequency domain, for the -component, we have (9a) where (9b) where is the new complex frequency-shifted factor. Therefore, (9a) can be converted into the time domain with a simple manner as proposed in (6) . Furthermore, the equation of -component for the spherical leapfrog ADI-FDTD CPML in (8a) can be derived as (10) where can be calculated using (6b) with only the index replaced with . The equations for the other components can be obtained in a similar way.
III. NUMERICAL RESULTS AND DISCUSSION
The leapfrog ADI-FDTD and CPML in the Cartesian and cylindrical grids have been proposed in [1] and [8] , respectively. Here, we examine the accuracy and efficiency of our method using the spherical coordinate's case and apply it to compute the Schumann resonant frequencies of the lossless earth-ionosphere cavity. Then, the absorbing performance of the spherical leapfrog ADI-FDTD CPML is evaluated.
A. Earth-Ionosphere Resonant Cavity
In our simulation, we set the diameter of the earth to be 6370 km, the height of the perfectly conductive ionosphere to be 60 km, km, ; , where s is the maximum value of the time step at the equator [11] , and the CFLN is the CFL number. A current source is placed at above the surface of the earth. A modulated Gaussian pulse is used as an excitation, characterized by Hz, s, and s. For , a total of time steps are computed, and the -component is recorded for extracting the Schumann resonant frequencies with the fast Fourier transform (FFT) used. Fig. 1 shows the normalized calculated using the proposed one-step spherical leapfrog ADI-FDTD with and 8, respectively. The results calculated with the conventional FDTD are also given for comparison. It is seen that when , the calculated frequency-domain solution is only slightly different from that of the FDTD from 0 to 50 Hz. However, the result computed with shows obvious differences from that of the FDTD, and the differences increase with frequency increase. To make a precise comparison, the calculated six Schumann resonant frequencies are given in Table I , where the analytical results are also provided for comparison. Again, it is observed that the errors increase with CFLN and frequency increase.
For the computational efficiency, it is found that when , it takes almost the same time as that of the conventional FDTD. Therefore, the computational time can be reduced as the value of CFLN is larger than 4. In order to check the algorithm stability, we increase the iteration number to one billion for and 8, respectively. It is found that the observed -component remains finite. Therefore, the unconditional stability of the proposed spherical leapfrog ADI-FDTD is verified numerically. In terms of the memory, the requirement is slightly more than that of the conventional spherical FDTD method. This is because, different from the conventional FDTD method, some two-dimensional coefficients of cyclic tridiagonal and tridiagonal matrix need to be stored.
To make a more direct comparison, the surface current distribution on the earth surface is also computed and plotted in Fig. 2 for different values of CFLN and resonant frequencies, respectively. The parameters chosen for calculation are the same as in the previous example, except that the excitation current source is changed to be and is the analytical resonant frequencies in Table I . The surface currents are snapshot at s and calculated with (11) It can be seen that differences between the results computed with the proposed method and the conventional FDTD increase of CFLN and frequency. 
B. Reflection Error of the Spherical Leapfrog ADI-FDTD CPML
Based on the PEC model of the earth in free space, we now investigate the reflection error due to the spherical leapfrog ADI-FDTD CPML. A current source -component is chosen as an excitation and described by a differential Gaussian pulse , where s and . The other parameters used for calculation are chosen to be the same as those used in Fig. 1 . The 10-layer CPMLs are set 22 cells away from the surface of the earth with the parameters given by [6] (12a) (12b) where and and is the thickness of the CPML. In our simulations, we set , , and . -component is recorded for calculating the reflection error, and (13) where is the value calculated using a large reference domain. Fig. 3 shows the reflection errors of the CPML for , 5, and 10, respectively. The results obtained by the conventional FDTD are also given for comparison. It is seen that the proposed one-step spherical leapfrog ADI-FDTD can absorb both propagating electromagnetic waves efficiently, but the reflection errors increase with CFLN.
IV. CONCLUSION
In this letter, one-step leapfrog ADI-FDTD with CPML has been extended to the general orthogonal grids in a concise form. The derivation process is general and can be extended to the other one-step leapfrog methods proposed by others recently.
